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We study Kropholler's generalisation of Lazard's criterion for a module to be
Ž .flat. The context is complete cohomology and modules of type FP . Let G be a‘
group in the class H F of groups which act on a finite dimensional contractible cell1
complex with finite stabilisers and let R be a strongly G-graded algebra. We
provide a characterisation of the stably flat R-modules under the assumption that
R is coherent of finite global dimension. Q 1999 Academic Press1
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1. INTRODUCTION
Given a commutative ring k and a group G, a strongly G-graded
k-algebra is a k-algebra R together with a k-module decomposition
R s [ R such that R R s R for all g, h g G. If H is a subgroupg g h g hg g G
of G we denote by R s [ R the k-subalgebra of R supported onH gg g H
H. The simplest example of such an R is the group algebra kG. Other
natural examples are twisted group algebras, skew group algebras, and
even crossed products. A crossed product is a strongly G-graded k-algebra
in which each R contains a unit. A twisted group algebra is a crossedg
product in which k is carried isomorphically onto R . A skew group1
algebra is a crossed product R which admits a homomorphism from G to
the group of units of R in which each g g G is carried to an element of
R . It is natural to study strongly group-graded algebras as the proofs ofteng
w xbecome more streamlined, indeed this was why Dade 11 introduced the
notion as a means of streamlining the study of the representations of a
group H relative to a normal subgroup N of H.
Ž .* The author is supported by a grant from EPSRC Ref. 96003462 .
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For an arbitrary ring S a projective resolution of an S-module M is a
resolution P# ‚ M by projective modules. We denote by VnM the nth
kernel of M, that is,
VnM s Ker P “ P .Ž .ny1 ny2
Although V is not a functor on the category of all modules it is a well
Ž .defined functor on the stable category Mod S having as its objects all
Ž .S-modules and morphism elements of Hom M, N for all S-modules MS
Ž . Ž .and N. Here Hom M, N denotes the quotient of Hom M, N by theSS
additive subgroup of homomorphisms which factor through projective
Žmodules. The projective dimension of a module M is the least integer n if
. nit exists such that V M is projective. If no such integer exists M is said to
w xhave infinite projective dimension. Kropholler 19 has shown that a$0 Ž .module M has finite projective dimension if and only if Ext M, M s 0.S
We denote the projective dimension of a module M by proj dim M.S
w xFollowing Kropholler 20 , an S-module N is said to be stably flat if and
only if
$0Ext M , N s 0Ž .S
Ž . Ž .for all S-modules M of type FP . Recall that a module of type FP is a‘ ‘
module M possessing a resolution P# ‚ M by finitely generated projec-
tive modules. Stably flat modules were introduced as a tool for studying
Ž .the modules of type FP over a strongly G-graded k-algebra R, where‘
the grading group belongs to the class LH F of locally hierarchically
decomposable groups and the base ring R is coherent of finite global1
dimension. We provide the following characterisation of the stably flat
R-modules where the grading group lies in the subclass H F of groups1
acting on a finite dimensional contractible CW-complex, in such a way that
the setwise stabiliser of each cell is equal to the pointwise stabiliser and is
finite:
THEOREM A. Let G be an H F-group and let R be a strongly G-graded1
k-algebra such that R is coherent of finite global dimension. If N is an1
R-module, then the following are equi¤alent:
Ž .i N is stably flat,
Ž .ii N has finite projecti¤e dimension.
w xThis result generalises Theorem 6.6 of 1 , however our proof avoids the
need for complicated diagram chasing. One of the tools used in proving
Theorem A is the following result concerning strongly group-graded alge-
bras where the grading group is finite.
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THEOREM B. Let G be a finite group and let R be a strongly G-graded
k-algebra such that R has finite global dimension. If N is a flat R-module1
which is projecti¤e as an R -module, then N is projecti¤e.1
w xThis is related to a question asked by Benson in 1 concerning the
group algebra kG and we include in Section 5 results showing that, with
mild constraints on R, a flat R-module which is projective as an R -mod-1
w xule is in fact projective. Benson 2 has independently obtained these
results in the case of the group algebra kG. Recently Benson and Good-
earl have announced that if G is a finite group and S is any ring, not
necessarily commutative, then every flat SG-module which is projective as
a S-module is projective. This statement is still an open question in the
case of a strongly G-graded k-algebra but it seems conceivable that the
result will carry through to this, more general, setting. We observe that for
Ž .any R-modules M and N the set of R -homomorphisms Hom M, N1 R1
admits an action of the group algebra kG. This action does not appear to
have been utilised before in the study of strongly group graded algebras
and we include as an application a new proof of Maschke's theorem for
strongly group-graded k-algebras which avoids the use of Cohen]Mont-
Ž w x.gomery duality see 25, 8 . Thus we are always assuming that the order of
a finite group G is not invertible in R .1
2. STRONGLY GROUP GRADED ALGEBRAS
First, we recall an equivalent definition of a G-graded k-algebra and of
a strongly G-graded k-algebra. These definitions were used by Cornick
w xand Kropholler 9 and more details may be found there. Contrary to that
w xclaimed in 9 , this equivalent definition of a group-graded algebra was
w xearlier observed by Bergman 4 . Recall that kG has a natural bialgebra
structure where the coalgebra map kG “ kG m kG is defined by the
diagonal map g ‹ g m g. Here and throughout this paper an unembel-
lished tensor denotes tensor over k.
DEFINITION 2.1. Let G be a group. A G-graded k-algebra is a k-alge-
bra R together with a k-algebra map g : R “ R m kG which makes R into
a kG-comodule.
From now on R denotes a G-graded k-algebra and S will denote an
arbitrary ring. The importance of Definition 2.1 is that one can make R act
semi-diagonally on certain tensor products. In particular, let M be an
R-module and V be a kG-module; then M m V is an R m kG-module. So
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M m V is an R module via g ,
m m ¤ r [ mr m ¤gŽ .
for r g R . Let N be an R-module, then R acts semi-diagonally on the setg
Ž .of k-module homomorphisms Hom V, N viak
f r ¤ [ f ¤gy1 rŽ . Ž .Ž .
for r g R and for all ¤ g V. Thus we have two functors ]m V andg
Ž .Hom V, ] from the category of R-modules to itself. Indeed these twok
are adjoint as shown by the following lemma.
LEMMA 2.2. Let M and N be R-modules and let V be a kG-module. There
is a natural R-isomorphism:
Hom M m V , N ( Hom M , Hom V , N .Ž . Ž .Ž .R R k
COROLLARY 2.3. If V is a projecti¤e k-module then ]m V carries projec-
ti¤e R-modules to projecti¤e R-modules.
Cornick and Kropholler also provided the following equivalent defini-
tion of strongly G-graded k-algebra:
DEFINITION 2.4. Let G be a group. Then a strongly G-graded k-algebra
is a G-graded k-algebra R with the property that for all g g G, there exist
finitely many elements x , . . . , x g R y1 and y , . . . , y g R such that1 n g 1 n g
Ý x y s 1.i i i
Let M and N be R-modules and consider the set of R -homomor-1
Ž . Ž .phisms Hom M, N . If u g Hom M, N , then we defineR R1 1
u g m [ u mx yŽ . Ž .Ý i i
i
for all m g M and g g G, where i, x , and y are chosen as in Defini-i i
tion 2.4.
LEMMA 2.5. Let G be a group and let R be a strongly G-graded k-algebra.
Ž .If M and N are R-modules, then with the definition abo¤e Hom M, NR1
admits a well defined action of kG.
Proof. We show first that our definition is well defined. Given that
u g m s u mx yŽ . Ž .Ý i i
i
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for some choice of x , . . . , x g R y1 and y , . . . , y g R with Ý x y s 11 n g 1 n g i i i
we may choose some other sequence of elements xX , . . . , xX g R y1 and1 m g
yX , . . . , yX g R such that Ý xX yX s 1. Then1 m g i i i
u g m s u mx yŽ . Ž .Ý i i
i
s u mxX yX x yŽ .Ý j j i i
i , j
s u mxX yX x yŽ .Ý j j i i
i , j
s u mxX yX .Ž .Ý j j
j
Ž .Now suppose that r g R , u g Hom M, N and choose x , . . . , x g1 R 1 n1
R y1 , y , . . . , y g R such that Ý x y s 1. Theng 1 n g i i i
u g mr s u mrx yŽ . Ž .Ý i i
i
s u mx y rx yŽ .Ý j j i i
i , j
s u mx y rx yŽ .Ý j j i i
i , j
s u mx y rŽ .Ý j j
j
s u g m rŽ .
and so we have that u g is an R -homomorphism.1
Ž .Finally we check that we have an action of kG on Hom M, N . LetR1
g, h g G and choose x , . . . , x g R y1 , y , . . . , y g R , and xX , . . . , xX g1 n g 1 n g 1 m
R y1 and yX , . . . , yX g R such that Ý x y s 1 and Ý xX yX s 1. Thenh 1 m h i i i i i i
h X Xg gu m s u mx yŽ . Ž . Ž .Ý i i
i
s u mxX x y yXŽ .Ý i j j i
i , j
s u g h m ,Ž .
X X X X
y1since the x x g R , y y g R and Ý x x y y s 1.i j Ž g h. j i g h i, j i j j i
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LEMMA 2.6. Let G be a group and let R be a strongly G-graded k-algebra.
Ž .Let M and N be R-modules and u g Hom M, N . ThenR1
u g mr s u g hy1 m rŽ . Ž .
for all r g R , g, h g G.h
Proof. We may choose xX , . . . , xX g R y1 and yX , . . . , yX g R such1 m h 1 m h
that Ý xX yX s 1. Theni i i
u g mr s u g hy1 h mrŽ . Ž .
s u g hy1 mrxX yXŽ .Ý i i
i
s u g hy1 m rxX yXŽ .Ý i i
i
s u g hy1 m rŽ .
as required.
We provide here an alternative proof of Maschke's theorem which
w x w xavoids the use of Cohen]Montgomery duality 7 as used by Passman 25
w xand Cornick 8 .
THEOREM 2.7. Let G be a finite group and let R be a strongly G-graded
< < Ž .k-algebra such that G g U R . Then e¤ery R-module M which is projecti¤e1
as an R -module is projecti¤e as an R-module.1
Proof. Choose a free R-module F and R-epimorphism p : F ‚ M.
Since M is projective as an R -module there is an R -homomorphism a :1 1
M “ F which splits the surjection. Consider the map f : M “ F defined
by
< < gf m s 1r G a mŽ . Ž .Ý
ggG
for all m g M. By Lemma 2.6, f is a well defined R-homomorphism.
Then
< < gp (f m s 1r G p ( a mŽ . Ž .Ý
ggG
g
< <s 1r G p ( a mŽ . Ž .Ý
ggG
< <s 1r G mÝ
ggG
s m
for all m g M. So M is a direct summand of F and hence projective.
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Let H _G denote the right G-set of cosets Hg of G. Another applica-
tion of Definition 2.4 is to show that if R is a strongly G-graded k-algebra
we have a tensor identity.
Ž .LEMMA 2.8 Tensor identity . Let H be a subgroup of G. If M is an
R-module then there is a natural isomorphism
w xM m R ( M m k H _GR H
gi¤en by the map m m r ‹ mr m Hg for r g R .g
3. STABLY FLAT MODULES
w xTate 6 developed a cohomology theory for finite groups which sub-
sumed homology and cohomology into one theory. Vogel and Mislin
w xindependently discovered a generalised Tate cohomology theory 13, 23
which works for any group. A different, yet isomorphic, approach has been
w x w xdeveloped by Vogel 13 and by Benson and Carlson 3 . The definition
w xadopted here is due to Benson 1 and shall be called the complete
cohomology.
Since V is a functor on the stable category we have a natural homomor-
phism
Hom M , N “ Hom V M , V NŽ . Ž .S S
and via this we define the complete cohomology to be
$i iqj jExt M , N s lim Hom V M , V N .Ž . Ž .S S“j
With this definition of the complete cohomology it is sometimes useful
Ž .to consider a variation on the usual stable category Mod S . Following$
w x Ž .Kropholler 20 , we write Mod S for the category with the same objects as$0Ž . Ž .Mod S but with morphisms the elements of Ext M, N .S
DEFINITION 3.1. Let S be a ring. An S-module N is said to be stably
flat if and only if
$0Ext M , N s 0Ž .S
Ž .for all S-modules M of type FP .‘
w xMotivation and comparison with Lazard's criterion 21 for a module to
w xbe flat can be found in 20 . The following is an immediate consequence of
w xthe definition, together with Lemma 4.2 of 19 .
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Ž .LEMMA 3.2. Let S be a ring. If N is a stably flat S-module of type FP ,‘
then N has finite projecti¤e dimension.
Ž . w xLet X S denote the class of stably flat S-modules. Brown 5 proved
Ž . i Ž .that if M is of type FP then the functor Ext M, ] commutes with‘ S
w xdirect limits for all i G 0. This, combined with a result of Kropholler 19
concerning the completion of a cohomological functor, shows that if M is$iŽ . Ž .a module of type FP then the functor Ext M, ] commutes with direct‘ S
limits for all i g Z. The proof of this result is essentially the same for
Ž .filtered colimits. Thus X S is closed under taking direct summands, direct$i Ž .sums, and filtered colimits. Since the functor Ext M, ] induces long exactS
Ž .sequences which extend infinitely far to the left and right, X S is
extension closed. The following lemma is useful in the study of stably flat
modules and may be proved in the same way as for ordinary cohomology.
Ž .LEMMA 3.3 Eckmann]Shapiro . Let T be a subring of S with S flat as a
T-module. For M a T-module and N an S-module then
$ $i iExt M m S, N ( Ext M , Hom S, NŽ . Ž .Ž .S T T S
for all i g Z.
COROLLARY 3.4. Let S, T , and N be as in the lemma. If N is a stably flat
S-module then N is stably flat as a T-module.
w xThe following appears as Corollary 6.7 of 20 .
LEMMA 3.5. Suppose an exact sequence of modules
0 “ N “ ??? “ N “ N “ 0m 0
is gi¤en in which each N is stably flat. Then N is stably flat.i
COROLLARY 3.6. Let N be a filtered colimit of modules of finite weak
dimension. Then N is stably flat.
Proof. It suffices to prove that a module of finite weak dimension is
Ž .stably flat. Let M be a module of type FP . First suppose that N is flat.‘
w xThen, by Lazard's theorem 21 , N is a direct limit of finitely generated$0 Ž .free modules. Since Ext M, ] commutes with direct limits and vanishesS
on projective modules it follows that N is stably flat. Now suppose that N
is of finite weak dimension, so that there is an exact sequence
0 “ N “ ??? “ N “ N “ 0m 0
with each of the N flat and hence stably flat. It follows from Lemma 3.5i
that N is stably flat as required.
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Ž .Thus X S contains all modules which may be expressed as a filtered
colimit of modules of finite weak dimension and such modules are not
necessarily of finite projective dimension.
4. COFIBRANT MODULES AND COMPLETE RESOLUTIONS
Let G be a group and let R be a strongly G-graded k-algebra.
Ž .Following Kropholler we write B [ B G, k for the kG-module of func-
tions from G to k which take only finitely many values. This module is a
commutative k-algebra with ring operations defined by pointwise multipli-
cation, and G acts on it as a group of algebra automorphisms. The reader
w xis referred to 10 for more details. Via the semidiagonal action of Section
w x2, M m B is an R-module. Kropholler 20 calls an R-module M cofibrant
if and only if M m B is a projective R-module. It is also noted that if M is
a cofibrant module then the natural map
$0Hom M , N “ Ext M , NŽ . Ž .RR
is an isomorphism for all R-modules N.
When a module M is such that M m B has finite projective dimension
w xCornick and Kropholler 10 show that M has a complete resolution. We
repeat here their definition of a complete resolution. For an arbitrary ring
S, a complete resolution of an S-module M is an acyclic complex of
projectives P# such that:
v P# coincides with a projective resolution of M in sufficiently high
dimensions
v Ž .Hom P#, Q is acyclic for every projective S-module Q.S
When complete resolutions exist they can be used to compute complete
cohomology.
Ž .LEMMA 4.1. Let S be a ring and let M s Ker P “ P be the zerothy1 y2
kernel of a complete resolution. If u : M “ Q is a homomorphism to a
projecti¤e module Q, then u factors through the inclusion M u P .y1
Proof. Let d : P “ P factor through M via maps a : P ‚ M and0 0 y1 0
Ž .b : M u P . Then we have a map ua g Hom P , Q such that ua d s 0y1 S 0 1
Ž .g Hom P , Q . But we have the exact sequenceS 1
dU dU dUy1 0 1
??? “ Hom P , Q “ Hom P , Q “ Hom P , Q “ ??? ,Ž . Ž . Ž .S y1 S 0 S 1
Ž . U Ž .so there exists f g Hom P , Q such that d f s f d s ua . ButS y1 0 0
then ua s f d s fba and a is surjective so u s fb as required.0
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PROPOSITION 4.2. Let G be a group and let R be a strongly G-graded
k-algebra. Let M and N be R-modules with M m B of finite projecti¤e
dimension. If f : M “ N is an R-homomorphism which goes to zero in$0 Ž .Ext M, N , then f factors through an R-module Y of finite projecti¤eR
dimension.
w xProof. In Theorem 3.5 of 10 it is shown that if M m B has finite
projective dimension then M has a complete resolution P#. Moreover the
zeroth kernel of P# is a cofibrant module M X which is isomorphic to M in$
Ž .Mod R . Thus we have
$ $0 0 X XExt M , M ( Ext M , M ( Hom M , M .Ž . Ž . Ž .R R R
Ž X .So there exists an element a g Hom M , M which corresponds to theR$0 XŽ .identity in Ext M, M . Choose an R-homomorphism c : M “ M repre-R
senting a and consider the composition
c f
XM “ M “ N.
$
Ž .This composition represents zero in Mod R but
$0 X XExt M , N ( Hom M , NŽ . Ž .R R
and so f,c factors through a projective module Q. By Lemma 4.1 we may







in which i is a monomorphism. Adding Q to M we have the commutative




X 66 6 6M [ QM0 Y 0
66
6
Ž .f , t
0
N
cŽ .where Y is the cokernel of and i is just the inclusion of M in M [ Q.yi
It follows that f factors through the cokernel Y. We have a long exact
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sequence of complete cohomology induced from the short exact sequence
in the diagram
g$ $ $y1 0 0X
??? “ Ext Y , Y “ Ext Y , M “ Ext Y , M [ QŽ . Ž . Ž .R R R
$0“ Ext Y , Y “ ??? .Ž .R
$
X Ž .However since M is isomorphic to M in Mod R and Q is projective we$0 Ž .must have that g is an isomorphism and so Ext Y, Y s 0 and so byR
w xLemma 4.2 of 19 , Y has finite projective dimension as required.
PROPOSITION 4.3. Let G be a group and let R be a strongly G-graded
k-algebra. If M is a cofibrant R-module which has finite projecti¤e dimension,
then M is projecti¤e.
Proof. We have a k-split short exact sequence of kG-modules,
k u B ‚ B ,
where k is mapped into B as the constant functions and is split by the
k-module map B “ k given by evaluation at 1. B is the cokernel of this
inclusion and so is projective as a k-module. Thus we may tensor this exact
sequence repeatedly yielding
mi mi miq1B u B m B ‚ B .
Tensoring with M and iterating we obtain the exact sequence of R-mod-
ules:
mny1 mnM u M m B “ M m B m B “ ??? “ M m B m B ‚ M m B .
Since M is cofibrant and B is projective as a k-module it follows by
Corollary 2.3 that each of the intermediate terms in the above sequence is
projective. Suppose now that M has projective dimension n. Then
mnM m B also has projective dimension n and so, by the extended version
of Schanuel's lemma, we have that M is projective.
5. FINITE GROUPS AND PROJECTIVITY OF
FLAT MODULES
In this section we let G be a finite group and let R be a strongly
G-graded k-algebra. For finite groups the kG-module B is isomorphic to
kG. Thus if N is an R-module which is projective as an R -module it1
follows from the tensor identity that N is cofibrant.
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PROPOSITION 5.1. Let G be a finite group and let R be a strongly G-graded
k-algebra. If N is an R-module of finite projecti¤e dimension which is
projecti¤e as an R -module, then N is projecti¤e as an R-module.1
Proof. Follows immediately from the fact that N is cofibrant and
Proposition 4.3.
Ž .Recall that the right finitistic dimension of a ring S is the least integer
Ž . Ž .n if it exists such that all right S-modules M of finite projective
dimension satisfy proj dim M F n.S
Ž .PROPOSITION 5.2 Jensen . Let S be a ring with finite right finitistic
dimension. Then any flat right S-module has finite projecti¤e dimension.
w xProof. See 18, Proposition 6 .
LEMMA 5.3. Let G be a finite group and let R be a strongly G-graded
k-algebra such that R has finite global dimension. Then R has finite finitistic1
dimension bounded by the global dimension of R .1
Proof. Suppose that M is an R-module of finite projective dimension
and that R has global dimension d. If1
VdM u P “ P “ ??? “ P ‚ Mdy1 dy2 0
is a truncated projective resolution of M of length d, then, by the
extended version of Schanuel's lemma, VdM is projective as an R -module1
and is of finite projective dimension as an R-module so is projective as an
R-module by Proposition 5.1. Thus M has projective dimension at most d
as required.
We are now in a position to prove Theorem B which we restate here:
THEOREM B. Let G be a finite group and let R be a strongly G-graded
k-algebra with R of finite global dimension. If N is a flat R-module which is1
projecti¤e as an R -module, then N is projecti¤e as an R-module.1
Proof. Follows from Proposition 5.2, Lemma 5.3, and Proposition 5.1.
w xIn 1 Benson asked whether there could exist a non-projective flat
kG-module which is projective as a k-module. By Theorem B the answer is
no if k has finite global dimension. It is possible to show that under
certain other conditions a flat R-module which is projective as an R -mod-1
ule is indeed projective and we include those results here. Benson and
Goodearl have recently announced that for any ring S, not necessarily
commutative, a flat SG-module which is projective as an S-module is
projective as an SG-module. This statement is still an open question in the
more general setting of strongly group-graded algebras, but it seems
conceivable that the result will carry through.
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First we are assuming that the order of G is not invertible in R ;1
Ž .otherwise every R-module would be projective by Maschke's Theorem
2.7.
Ž .PROPOSITION 5.4 Osofsky . Let S be any ring and n g v. Then an
/ -related flat module is of projecti¤e dimension at most n q 1.n
w xProof. See Osofsky 24, Theorem 2.45 .
THEOREM 5.5. Let G be a finite group, let R be a strongly G-graded
k-algebra, and let n g v. If N is a flat / -related R-module which isn
projecti¤e as an R -module, then N is projecti¤e as an R-module.1
Proof. Follows immediately from Proposition 5.4 and Proposition 5.1.
Ž .PROPOSITION 5.6 Gruson and Jensen . Let S be any ring of cardinality
/ , n g v. Then e¤ery flat S-module has projecti¤e dimension at most n q 1.n
w x w xProof. Follows from 16 and Proposition 10.5 of 17 .
THEOREM 5.7. Let G be a finite group and let R be a strongly G-graded
k-algebra of cardinality / , n g v. If N is a flat R-module which is projecti¤en
as an R -module, then N is projecti¤e as an R-module.1
Proof. Follows from Proposition 5.6 and Proposition 5.1.
Ž .DEFINITION 5.8. Let A be an abelian category. A Serre epaisseÂ
subcategory C of A is a full subcategory C of A such that for all short
exact sequences
M X u M ‚ MY
of A, M is an object in C if and only if M X and MY are objects of C.
Given a Serre subcategory C of A one may form the new category ArC
w xcalled the quotient category of A by C. See Gabriel 12 for more details.
Ž .We give two equivalent definitions of the left Krull dimension of a ring
S. There is some confusion in the literature between various dimensions
defined in this area so our definitions may differ slightly from those found
w xelsewhere. A good reference is Gordon and Robson's book 14 .
DEFINITION 5.9. Let M be a left S-module. The Krull dimension of M,
written Kdim M, is defined by transfinite recursion, as follows: If M s 0,S
Kdim M s y1; if a is an ordinal and Kdim M l a , then Kdim M s aS S S
provided there is no infinite descending chain
M s M ) M ) ???0 1
Ž .of submodules M such that Kdim M rM l a .i S iy1 i
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Ž . Ž .If S is any ring with 1 let Mod S denote the category of all right
S-modules. An equivalent categorical definition of Krull dimension was
w xprovided by Gordon and Robson 15, p. 462 in terms of an ascending
Ž op.chain of Serre subcategories of A s Mod S . We have altered the
indexing slightly in order that our definition agrees under certain condi-
w xtions with the dimension of a small abelian category; see 17, p. 267 . We
define this chain by transfinite recursion as follows:
 4A s 0 ; A is the Serre subcategory of all left S-modules which arey1 0
Artinian; if a is a successor ordinal then A is the Serre subcategory of alla
left S-modules which are Artinian as objects of ArA ; if a is a limitay1
ordinal then A is the Serre subcategory D A .a b - a b
Ž .PROPOSITION 5.10 Gordon-Robson . Let M be a left S-module, a an
ordinal. Then the Krull dimension of M equals a if and only if M g A buta
M f A .ay1
w xProof. See Proposition 1.5 of 15 and note that our numbering has
been altered.
Ž .In either of the two definitions the left Krull dimension of S is defined
w xto be the Krull dimension of S as a left S-module. Gruson and Jensen 17
defined the dimension of an arbitrary small abelian category and, noting
that for a Noetherian ring this coincided with the Krull dimension, proved
the following:
Ž .PROPOSITION 5.11 Gruson]Jensen . Let S be a left Noetherian ring with
left Krull dimension d. Then any flat right S-module has projecti¤e dimension
at most d.
w xProof. See 17, Corollary 7.2 .
THEOREM 5.12. Let G be a finite group and let R be a strongly G-graded
k-algebra with R Noetherian of finite Krull dimension. If N is a flat R-module1
which is projecti¤e as an R -module, then N is projecti¤e as an R-module.1
Proof. Since G is finite, R is finitely generated as a left R -module,1
Ž . w Ž .Ž .xthus R is left Noetherian. McConnell and Robson 22, 6.5.3 ii c showed
that for an arbitrary ring extension SX of S such that SX is finitely
generated as an S-module the Krull dimension of SX is bounded by that of
Ž .S. So the left Krull dimension of R is bounded by that of R , hence1
finite. The result follows by Proposition 5.11 and Proposition 5.1.
6. THE PROOF OF THEOREM A
H F denotes the class of all groups which act on a finite dimensional1
contractible CW-complex in such a way that the setwise stabiliser of each
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w xcell is equal to the pointwise stabiliser and is finite. Theorem A of 9
states that if G is an H F-group and R is a strongly G-graded k-algebra1
then every R-module has finite projective dimension if and only if it has
finite projective dimension as an R -module for each finite subgroup H ofH
G. By Lemma 3.4 a stably flat R-module is stably flat as an R -module forH
each finite subgroup H of G and so we may reduce the proof of Theorem
A to the following:
THEOREM AX. Let G be a finite group and let R be a strongly G-graded
k-algebra such that R is coherent of finite global dimension. If N is a stably1
flat R-module then the following are equi¤alent:
Ž .i N is stably flat,
Ž .ii N has finite projecti¤e dimension.
Moreo¤er, the projecti¤e dimension of such a module is bounded by the global
dimension of R .1
Ž . Ž .Proof. i « iii . Since G is finite, R is coherent. Thus if N is finitely
Ž .presented it has type FP and so is of finite projective dimension as an‘
R-module by Lemma 3.2. So we may assume that N is infinitely presented
and express N as a filtered colimit of finitely presented R-modules N
s lim N . For each l, since G is finite,l6
N m B ( N m kG ( N m Rl l l R1
has finite projective dimension and, as N is stably flat, the natural map$0 Ž .N “ N represents zero in Ext N , N . Thus by Proposition 4.2 each suchl lR
map factors through a module Y of finite projective dimension. Now Rl
Ž .has finite finitistic dimension Lemma 5.3 and so the projective dimension
of the Y must be bounded by the global dimension of R , n say. Let K bel 1
R Ž .any left R-module. Then by the functoriality of Tor ], K and the factnq1
R Ž .that Tor Y , K s 0 we have that the natural mapnq1 l
Tor R N , K “ Tor R N , KŽ . Ž .nq1 l nq1
RŽ .is zero for each l. Since Tor ], K commutes with filtered colimits for alli
i we have an isomorphism
lim Tor R N , K ( Tor R N , KŽ . Ž .nq1 l nq1“
constructed from the natural maps above which hence is zero. Thus
R Ž . nTor N, K s 0 and so N has weak dimension at most n. Then V N isnq1
flat and projective as an R -module and so VnN is projective by Theorem1
B and N has projective dimension at most n as required.
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Ž . Ž .ii « i is a straightforward application of the definition of complete
cohomology.
Theorem A follows immediately in the way described above. We note
the following corollary which is in a similar vein to the results in Section 5.
COROLLARY 6.1. Let G be a finite group and let R be a strongly G-graded
k-algebra such that R is coherent of finite global dimension. If N is a stably1
flat R-module which is projecti¤e as an R -module, then N is projecti¤e as an1
R-module.
XProof. Follows immediately from Theorem A and Proposition 5.1.
Theorem AX also yields the following corollary which is in the wider
setting of strongly group-graded algebras where the grading group is in the
class LH F of locally hierarchically decomposable groups.
COROLLARY 6.2. Let G be an LH F-group and let R be a strongly
G-graded k-algebra such that R is coherent of finite global dimension. Let N1
be an R-module. Then N is stably flat if and only if N has finite projecti¤e
dimension as an R -module for all finite elementary abelian subgroups E of G.E
X w xProof. Follows immediately from Theorem A and Theorem B of 20 .
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